Electromagnetic Waves - A Repetitive Guide
Electromagnetic waves appear in many forms and
their applications are extremely widespread. Without
exaggeration it may be said that our ability to employ
and manipulate electromagnetic waves forms one of
the reasons that communication plays such an
important role in society.

The macroscopic theory of electromagnetic waves
has been formulated by Maxwell in 1864. But the
mathematical-physical nature of the subject makes it
difficult for students to master even today. The
continuous stream of new college textbooks shows
that many teachers encounter this problem and
attempt to resolve it by presenting the theory in some
suitable form.

In the Electrical Engineering curriculum of the Delft
University of Technology, the teaching of
electromagnetic waves has been divided into three
stages: 1) a basic course on Electricity and Magnetism,
2) an introductory course on Electromagnetic Waves,
and 3) advanced courses on the application and
computation of electromagnetic waves. The current
booklet is written to facilitate the introductory course
on Electromagnetic Waves.

The aim of this course is to teach students to
manipulate the fundamental formulas in order to solve
a problem at hand. To focus on this skill and to

overcome the problem of having to learn many
formulas by heart, an outline of the main course book
entitled Electromagnetic Waves — An
Introductory Course (ISBN 90-407-1836-9) is
presented in the current booklet.

Published by VSSD.

URL on this book:
http://www.vssd.nl/hlf/e016.htm
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INTRODUCTION 1

1. Introduction (Cartesian Vectors)

A vectorin a Cartesian reference frame is given by @ = z = z111+x2t2+313.

The addition/subtraction of two vectors is given by

viw= (’U1 + wl)il + (’UQ + ’wg)ig + (1)3 + wg)i3 .

The product of the scalar ¢ and the vector v is given by
PV =@uit] + pU2ty + puvsts. (vector)
The scalar dot product of the vectors v and w is given by
V-w=v w1 +v2 - wr+ V3 -wW3=WwW-v, (scalar)
while the vectoral cross product of the vectors v and w is given by
v X w = (vow3—v3wa)i1 + (v3wy —viws3)is + (Viwe —vow1 )iz = —w X vV,
or in determinant notation

i1 iy 13
vXw=| vy v2 v3 |. (vector)
w1 W2 w3

The scalar triple product of three vectors u, v and w is given by
u - ('U X w) = ul(vgwgf’t}gwg) —+ UQ(’U3UJ17U1U)3) =+ U3<U1w27112’w1) R
or in determinant notation

Uy U2 U3
u-(vXxw)=| v v w3 |, (scalar)
wp w2 W3

with the properties

u-(vxw)= v-(wxu) = w-(uxv)

=—w- - (vxu) = —v-(uxw) = —u-(wxv).



2 INTRODUCTION
The wvectorial triple product can be written as
uX (vxw)=(u-w)v—(u-v)w. (vector)
Differentiation with respect to a parameter t:
ov = (atv1)i1 + (8,5’1]2)7:2 + (5t1}3)i3 ,
dh(pv) = (Ow)v+ o,
Oh(v-w) = (Ow) wHv-Ow,
(v xw) = (Ow) X w+vxdw,
where 9; = E'
Differentiation with respect to the spatial coordinates x:
gradp = Vo = 01pi1 + Oapia + 0313,
divv = V-.v = 01v1 + Oqvg + 0303,
curlv = Vxv = (82U3—83U2)’i1 + (83U1—81U3)i2 + (81’1]2—821}1)7:3 .

where V = 4101 + 902 + 1303 = 155 + 255 + i3> is the so-called nabla
or del operator satisfying the vector and partial differentiation rules, e.g.,

Vie+v) = Ve+Vy,
V-(v+w) = V-v+V . w,
Vx(v+w) = Vxv+Vxw,
Viey) = (Vo) +9 Vi,
V-(pv) = (Vo) v+¢V v,
Vx(pv) = (Vo)xv+pV xv,
Vi(vxw) = (Vxv) - w—v-(Vxw),
Vx(vxw) = (w-Viv—wV-v—(v-V)w+ovV w,
Vv-w) = wx(Vxv)+(w-VIv+vx(Vxw)+(v-V)w
and
V(Ve) = (V-V)e= @+ + &)
Vx(Vy) = 0,
V- (Vxv) = 0,
Vx(Vxv) = V(V-v)—(V-V)v.
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The far-field approzimation (— Fig. 8.4):
Far away from the emitter, r = (Z’%-ﬁ-l‘%)% — 00, we have the far-field
representation

2

1
b BTl RNE 1
Ey 62 (k " ,Jw) <2w) exp(—jkr + jzm)

1
w\2 - T . k 2 ) )
_ <g> hf(kTJw) (%) exp(—jkr + jin), x3>0.

The amplitude is directly related to the spatial Fourier transform of the
electric current through the emitter, by taking the quantity k1 = kx1/r as

Q

the transform parameter.

The time-averaged power flow density in the far field is given by

1
Relir x BT ~ ()2 K v (6™t )2 ®
sRe[Ex H | =~ (€> 47rr|h1(kr’Jw)| "

1
2

when r = (22 +23)2 — oo .

To study the angular dependence of the far-field, the directive gain is in-
troduced as the power flow in the observation direction, normalized to the
angular-averaged power flow in the far field, viz.,

D(6) - e |(B )7

2T . .
%Re{l/ (ExH)-fde}
0=0 r

2

Figure 8.4. The orientation of the electromagnetic field vectors in the far field of
an emitter with perpendicular electric current.
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The length of a vector v is denoted as |v| = (v- v)% = (v +03 —H/%)% . Rules
for the spatial differentiation of a function f = f(|z|):

Viz| = =,
|
Vie" = nlz" 2,
xTr
Vi) = (e

where Jf is the derivative of f with respect to its argument,

V.x = 3,
Vxax = 0,
(V-V)|z|" = n(n+ 1)|:11r:|"_2 .

When a is a constant vector:

Via-xz) = a,
(a-V)x = a,
(axV)xx = —2a.

Unit vector normal to a surface:
V is oriented in a direction of the normal to the surface ¢ = constant.
Hence the normal vector v is given by

_ Vo
Vel

Gauss’ integral theorem:

# v-vdA
xredD

// V. .vdV,
TeD
# vodA // Vedv,
TredD xreD
# v x wdA // V xwdV,
TedD TeD

in which v is the unit vector normal to 9D and oriented away from D.
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Stokes’ integral theorem:

7{ T -vdl = // (VXV)~vdA:// v-(V xv)dA,
Teds JxesS JJTES

7{ Tdl // (v x V)pdA,

TreoS Tres

f Txwdl // (v x V) xwdA,
oS Tres

in which v is the unit vector normal to the surface area S and is oriented to-
ward the side of advance of a right-hand screw as it is turned in the direction
of the (unit) tangent vector 7 around 9S.

2. The Electromagnetic Field Equations

Mazxwell’s equations in vacuum:

_VxH+eE = 0,
VxE+uoH = 0,
where
E electric field strength (V/m),
H = magnetic field strength (A/m),
g0 = permittivity in vacuum (8.8541878 x 10~!? F/m),
o =  permeability in vacuum (47 x 1077 H/m).

Mazxwell’s equations in matter:

~-VxH+J+0D = —J,
VxE+§B = —-K“,
where

J = volume density of electric current (A/m?),
D = electric flux density (C/m?),
B = magnetic flux density (T),
Je = vyolume density of material electric current (A/m?),
K" = volume density of material magnetic current (V/m?).
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The sheet emitter with a perpendicular electric current (— Fig. 8.3):
The impressed electric current density is

fA(x1,s)5(x3), |xs| < %a, .

jlea:t:(), erxt{ e:)ct:O’

0, |x3|>%a,

where I (in A/m) is the electric current per unit length (of the z;-direction).
The non-zero electromagnetic field components are Eg, Hy = (jwu)_lagEg,
Hjz = —(jwp) 101 Ea. The electromagnetic field may be written as an infinite
superposition of plane-wave constituents:

1 oo

Ey(xy, 23, jw) = ey (k1,jw) exp(—jk1x1 — jkaws)dky, 3 >0,

2 ki=—00

where the amplitude

62 - — 5

s — _“Hi
ks !

follows from a Fourier transform of the impressed electric current through

a

[N

%fA(acl, jw)exp(jkiay) day .

it O, o) = |

11:750,

&1 \ & 1
X
E
J@lt
X
/E
3 <0 23>0

Figure 8.3. Electric-current sheet as an emitter of perpendicularly polarized
electromagnetic waves.
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and where the amplitude

a

[N

%fA(xhjw) exp(jkiz1) da;

a

E;(khjw):/ 1

1}1:72

follows from a Fourier transform of the impressed electric current.

The far-field approzimation (— Fig. 8.2):

Far away from the emitter, r = (x%er%)% — 00, we have the far-field
representation
EO\ 3
2 324, L1 . 2 . -1
Hy ~ —hj(k— — —jk I .
2 r 2( rv]w) (2777“) exp( J T+J47T)7 LL’3>0

The amplitude is directly related to the spatial Fourier transform of the
electric current through the emitter, by taking the quantity k1 = kx1/r as
the transform parameter.

The time-averaged power flow density in the far field is given by

2 1
. . k-
RelBx H ~ () (B) i P T

€ 4mr

1
2

when r = (23 +23)2 — 0.

Figure 8.2. The orientation of the electromagnetic field vectors in the far field of

an emitter with parallel electric current.
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Constitutive relations:  J(x,t) = o(x)E(x,t),
D(z,t) = e(z)E(x,t),
Blz.t) = p@)H(=,1),
where
o = conductivity (S/m),
€ = permittivity (F/m),
i permeability (H/m).
In vacuum we have 0 =0, € = ¢g = ﬁ, W= lo.
0
Customarily:
er = €feg =  relative permittivity,
Hr = w/mo = relative permeability.
Field equations: —V x H+oE+ec,E = —Jt,
VxE+poH = —K,
or
—(82H3 — agHQ) +ocB1+e0 By = — lezt ,
*(33H1 — (91H3) +oBy +eOiEy = — fzt ,
—(61H2 — 82H1) +0Fs+edFy = —ngt ,
MEs — 03By + poHy = —K{™,
O3E1 — 01E3 + pdyHy = —K5™,
O1Fy — OoFy + poyHs = — §It .

The Poynting vector S = E x H (in W/m?) quantifies the amount of elec-
tromagnetic power flow per unit area; the components are

S1=FEyH3 — E3Hy, So = FE3H; — E\Hy, S3=E1Hy— EyH, .

Boundary conditions at an interface 0D between different media:

v X H is continuous across 0D,

v x E is continuous across 0D .
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Frequency-domain representations for causal fields:

Let f = f(x,t) denote a causal (f =0 when ¢ < 0 ) field quantity. Then,

flx,s) = /OC; exp(—st) f(x,t)dt for Re(s) > s,
t=

where s is the complex Laplace transform parameter.

Field equations: -V x H+ (a—f—sg)E - g ,
VxE+suﬁ = —Kext,
or
—(OoHs — O3Hy) + (0+se)EBy = —J¢*t
—(03H1 - 611?13) + (U+35)E2 = —jge””t ,
—(O1Hy — Do Hy) + (0+se)E3 = —J§*
0sE3 — 03By + sl = —K{™,
03E) — 01 B3 + sufl; = —K§™,
01 Fy — 0oF, + s,uﬁ;; = —IAQM .

Frequency-domain analysis is arrived at by taking s — jw, via Re(s) > 0,
where w is the (real) angular frequency. Then, either, for causal states,

R 0
fla,jw) = / exp(—jwt) f(a,t)dt for all real w,

Jt=0
1 [ R

flz,t) = — exp(jwt) f(x, jw)dw for all ¢,
21 Jo=—o0o

or, for steady-states,

f(x,t) = Re {f(ac,jw)exp(jwt)] )

In the complex frequency domain, the length of a complex vector v is denoted
1 1

as |v| = (v-v")2 = (vv] + vev3 + v3v35)2 . The asterisk denotes complex

conjugate.

Polarization state:

In general, the electric field strength is elliptically polarized.
— It is linearly polarized when E(:c,jw) X E*(m,jw) =0.

— It is circularly polarized when E(m,jw) : E(w,jw) =0.
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8. Excitation of Two-dimensional
Electromagnetic Waves

We only consider the steady-state (s = jw, w > 0). The medium is homoge-
neous and lossless (o = 0). Further, the emitter carries no magnetic current

(Kext — 0).

The sheet emitter with a parallel electric current (— Fig. 8.1):
The impressed electric current density is

T 1
Jewt — { ~lalen$)0s), lmsl <000 e e g

O, ‘(IB' > %CL )
where Ia (in A/m) is the electric current per unit length (of the zo-direction).
The non-zero electromagnetic field components are Hy, By = —(jwe) 105 Ha,

Es3 = (jwe) 101 Hy. The electromagnetic field may be written as an infinite
superposition of plane-wave constituents: (we consider only z3 > 0)

- . 1 [ ~ . ) .
Hy (1,23, jw) = /k hy (k1, jw) exp(—jkiz1 — jksws)dky, x3 >0,

27 Sy =— o0

where

T

x3 <0 x3 >0

Figure 8.1. Electric-current sheet as an emitter of parallelly polarized
electromagnetic waves.
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For a TM,,,-mode, the non-zero electromagnetic field components are I’i’g;m,
El;m = 7(jw€)7133H2;m, Eg;m = (jws)*lang;m, where

cos(mg,%)afdjm) exp[fng) (x1—a)] exp(—jks.mx3)
when a < z; < 00,

cos(/ﬁgg)w —thm) exp(—jk3mxs)

2: = —
™ cos(Ym) when0 <z < a,

cos(Vm) exp(/ig,pxl) exp(—jksmx3)

when — oo <21 <0,

A

(1)
in which ,, = arctan (i?; ”%) The quantities H( ) ,1=1,2,3, are related
Km
to the propagation coefficient kg.m through the dispersion equation:

e g £(2) nﬁ{?
ﬁg)a =arctan [ —— | +arctan | —— | + mm.
) g <2 £3) 2

In both the TE-case and the TM-case, ;#), 1=1,2,3, is defined as

K = K W] 2, w3 =[P po k3,17, K = [~ po] .

With these definitions (and [ ]% > 0), the solutions of the dispersion equa-
tion, kg (w), m =0,1,2,---, 00, form an innumerable set of real and com-
plex numbers. The real values form a finite set with

max[k(l), k:(3)} < k3m < AN k@) = w(s(i)ug)% ,1=1,2,3,

and each value ks, is the propagation constant of the m-th guided mode of
the dielectric slab waveguide.

Often, the effective index of refraction (mode index) is introduced as

Neffm = kS;m/kO
where kg is the free-space wavenumber (ko = 27/A\g = w/cp). The effective
index of a mode is located in max[n(l),n(g)} < Nefm < n?.  Assuming

ny1 > ng, the cut-off frequency of a guided mode follows from ﬂ%)(w) =0.

Phase and group velocity:
In waveguides the phase velocity of a mode vy, = w/ks;y;, differs from the
group velocity vgm = 1/(0uksm)-

THE ELECTROMAGNETIC FIELD EQUATIONS 7

Poynting’s theorem:
Power balance in differential form:
V-8 +u" + 9w +uw™) = —E - J — H. Kt
where
e " = 0E - E is the volume density of electromagnetic power that is

irreversibly dissipated into heat,

o W = %EE - E is the volume density of reversibly stored electric field
energy,

o WM = %/J,H - H is the volume density of reversibly stored magnetic
field energy,

o —E . J — H . K represents the electromagnetic power that is
generated by the electromagnetic sources.

For steady-states the time average Poynting’s vector is introduced as
(S)r=4Re[Ex H'],

and the complex form of Poynting’s theorem is given by

~_ext

V-(E’><ﬁ*)+(o—jw5)E-E*+jwuﬂ-fI*:—E-Jez -H K

where the term %O'E E represents the time average of the volume density
of heat dissipated by the electromagnetic field.

FEquations in integral form:

Maxwell’s equations (see Stokes’ integral theorem):

77{ T - Hdl + // - [cE+e0,Eld // v JUUA
TreoS weS Tres

7{ T-Edl—l—// wv - O HdA = —// v K“'dA.
TeosS xres xTres

Poynting’s theorem (see Gauss’ integral theorem):

I vesaas [[[ oB-Bav+ [[[ oflem B+jum- Hav
TredD xreD xreD

= —/// (E-J*'"+H - K4V .
xreD
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3. One-dimensional Electromagnetic Waves

FEzxcitation (— Fig. 3.1):

A planar electric-current sheet emits a plane wave in the positive x3-direction
with the field components

B = %ZfA exp(—yz3) for x3 >0,

Hy = %IAA exp(—’yx3) for z3 > 0.

where v = [(0 + SE)S/L]% is the propagation coefficient, with Re(y) > 0.
Further, the wave impedance Z is given by

7 ()
o+ s€

Sometimes the wave admittance is introduced as Y = Z~1.

In case of a steady-state, the exciting current is written as
Ia(t) = Re [Ia(jw)exp(jwt)]
and, with s = jw, the propagation coeflicient is written as

V(w) = a(w) +jbw),

0,&, [ 0,&, b
E E
11
S O|¢—= 13 S
H H
x3 <0 x3 >0

Jett = —[a(s)8(x5)1

Figure 3.1. Electric-current sheet emitter.
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superstrate @) o D)

' propagation direction - o

slab - - @ | o D)
TO’L3 xl_o
substrate e o D

Figure 7.2. A dielectric slab waveguide.

Dielectric slab waveguide (— Fig. 7.2):

For a TE,,-mode, the non-zero electromagnetic field components are Eg;m,
Hiyp = (jwp) 103Eom, Haym = —(jwp) 01 Eom, where
(2 B3 ik
cos(km a—1hm) exp[—rm’ (v1—a)] exp(—jkzmz3)
when a < 1 < 00,

AP cos(ng)ml—wm) exp(—jkamxs)

Eypyy = ———
2ym cos(9m,) when 0 < z1 < a,

cos(tm) exp(ri' 1) exp(—jkames)

when —oco <1 <0,

(1) i
in which ),, = arctan (“(—”g)) The quantities ngﬁ), 1 =1,2,3, are related to
K

the propagation coefficient ks.,, through the dispersion equation:

(1) (3)
/{(2)@ = arctan fm_ + arctan fiom_ +mm
m (2) (2) ’

Rm Rm
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/ / / Ir1 = a

propagation direction

%

T“ t 1 =0
07 b

Figure 7.1. A parallel-plate waveguide.

Parallel-plate waveguide (— Fig. 7.1):

In the TE-case the non-zero electromagnetic field components are EQ,
Hy = (jwp) 103Es, Hy = —(jwp) 101 B, where

o0
. . 2 ., mm .
Es(x1, 23, jw) = 2j Z AgE) sm(Txl) exp(—jksmes) .
m=1

In the TM-case the non-zero electromagnetic field components are Ho,
B = —(jwe) 103Hy, B3 = (jwe) ™01 Ha, where

e}
. ) . mm .
Hy(z1, 23, jw) = 22 AﬁnTM) COS(Txl)GXP(—JkS;m%)-

m=0

The propagation constants are

Fsom = 2= (2 for k=TT kgn = 31T 2 k2 for k< T
a a Qa a

where k = w(e,u)% is the wavenumber. For m < ka/m, we have a propagating
mode, while for ka/m < m, we have a non-propagating mode. Only for
angular frequencies larger than the cut-off angular frequency,

mm

_1
Weym = T(E,U) 2,

the m-th mode is propagating.
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where « is the attenuation coefficient and (3 is the phase coefficient, given by

w32 +1] -4
o ()] )

For highly conductive media (o > we), we define the skin depth as

Q
|

B

2 \3
5= <—) .
who

For lossless media (o = 0), the wave speed is obtained as ¢ = (ep)
the wavelength is given by

1 .
2, while

The time-domain transient wavefield in a lossless medium is obtained as
Ey(ws,t) = 3ZIn(t—22) foras >0,
c
x
Hy(zs,t) = LIa(t—"2)  foraz>0,
c

which is a one-dimensional wave that propagates in the direction of increas-
ing x3, i.e., away from the generating source, with the wave speed ¢ with the
pulse shape of the generating transient electric current.

Reflection and transmission (— Fig. 3.2):

The incident wavefield propagates in medium (1) from the emitter in the
positive z3-direction and is given by

Bl = éexp(—Way),

Hy, = YWélexp(—Was) .

The reflected wavefield propagates in medium (1) from the interface in the
negative xs-direction and is given by

El = Rié&exp(yVas),
Hy = —YWR, & exp(vMas).
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The transmitted wavefield propagates in medium (2) from the interface in
the positive x3-direction and is given by

Bl = T.é exp(—yPas),
1:15 = Y(Q)Tléilexp(—'y@)xg).

The propagation coefficients in the two media are

[N
N

/0 = [(60) + 5eM)su®]? | 4@ = [0 + 5e@)u®]?

with Re[y(Y] > 0 and Re[y?)] > 0, while the wave admittances in the two
media are

Y(l) N 0'(1) + 58(1)
- 5#(1)

(NI

2) o 4 5e(2) :
Y= e )

The reflection and transmission coefficients follow from the application of
the boundary conditions at the interface z3 = 0 and are given by

vy _y@ oy (1)
Ri=—cr—5 TL=cqn oo -
Y +vY©@ YD +Y(©@)
oM e LM o@ @ ;2

reflected wave i / .
< . transmitted wave
0¥ iy e
.

incident wave

z3 <0 z3 >0

Figure 3.2. Reflection by and transmission through a plane interface.
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where
_Zs—Zy
N Zs+ Zy

is the reflection coefficient of the wave reflected at the source location z3 = 0.

S

1(0,t) I(L,t)
Zs
transmission line
V(0,t) Zo. L V(L,t) [] Zr
Vs ’
i [
I 1
z3=20 r3 =L

Figure 6.3. An impulsive source connected to the transmission line.

7. Electromagnetic Waveguides

Let us assume that ¢3 is the direction of propagation. We only consider
the steady-state: (s = jw, w > 0). The behaviour of the waves in a wave-
guide is predicted by the homogeneous Maxwell equations and the boundary
conditions at the waveguide surfaces. We distinguish the following solutions:

e Transverse Electric (TE) modes: The electric field is perpendicular to
the propagation direction, F3 = 0.

e Transverse Magnetic (TM) modes: The magnetic field is perpendicular
to the propagation direction, Hs = 0.

e Transverse Electromagnetic (TEM) modes: Both the electric and the

magnetic field are perpendicular to the propagation direction, Es =
Hs = 0 (see Chapter 6).
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incident wave
—_—

- transmission line N
(0, 5) oL V(L,s) D 7
-
reflected wave
| |
I I
T3 = 0 T3 = L

Figure 6.2. The terminated transmission line.

Lossless transmission line, steady-state analysis:

In the lossless case (o = 0) and steady-state (s = jw, w > 0) we have v = jk,
with wave number k = w/c and the wave speed ¢ = (eu)*%. Then, the input
impedance is given by

Z5, + jZy tan(kL)

Zo+ 371 tan(k:L) ’

Further, the time average of the power transmitted through the cross-section
of the transmission line is obtained as

IRe {//(m (B x H). zgdA] IRe [VI7] .

Zin = 2y

Lossless transmission line, transient wavefield (— Fig. 6.3):

In the lossless case the time-domain wavefield is given by

2L—
V(zs,t) = vr(t—"2)+Tpot(t—""2),
c c
2L —
I(zs,t) = Y [vﬂt—ﬁ —Trot(t - m3)}
c c
with
> 2nlL
U+t—7 (TsTp)"V, t——
0= g5 27 | ST Vs = 20)
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0(1)7 5(1)’ ,u(l) (2 U(l)’ 5(1), H(l)
(2)
M(Q)
reflected wave i
< transmitted wave
oY iy e &
[
incident wave
I3 = 0 I3 = d

Figure 3.3. Reflection by and transmission through a shielding plate.

Shielding (— Fig. 3.3):

The electric-field components of the incident wavefield, the reflected wave-
field and the transmitted wavefield are written as

7 = & exp(—yWas)
T = Ryéiexp(yWas),
B} = Ty é exp(—yWMas),

where the reflection and transmission coefficients are given by

(1) _y(2) 4y Dy @) 1 2
R 7¥(1)+§(2) [1—exp(—2’y(2)d)] (Y(1)+Y(2))26Xp(’}/( Jd — 'V( )d)
1 = 5 ) 1= D) .
(1) _y(2) (1) _y(2)
1-— (7§(1)+§(2)> exp(—2’y(2)d) 1- (§(1)+§—(2)) eXp(—2’7(2)d)

For a single-frequency component (s = jw, w = 27 f), the shielding effec-
tiveness is expressed as S = 1/|T' |, or

Sap = —20log|T', | decibel .

The transmission line equivalent (— Fig. 3.4):

Consider a length a in the z;-direction and a length w in the zo-direction
of the one-dimensional wave. Introducing the electric potential V' and the
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electric current I, i.e.,

1~ N o
El(xSas) = a V(:I;37S)7 HZ(x3as) = I(xSas) 5

gl

the one-dimensional Maxwell equations

OsHy + (c+se)Er = Ia(s)d(xs) ,
63E1 + S,LLI:IQ = 0,
transfer into the one-dimensional transmission-line equations
O3l + (G+sC)V = Ia(s)wd(xs),
83‘7 + sCI = 0 ,
where, per unit length of the transmission line, G = ocw/a is the conductance,
C = ew/a is the capacitance and £ = pa/w is the inductance. Away from

the source at x3 = 0, along the transmission line, a wave propagates with
electric potential and electric current

= %Zowa exp(—yxzs) for g >0,

~

= %wa exp(—vyx3) for z3 > 0,
where
=[G+ sC)sL’}% = [(o + ss)s,u]% ,  with Re(y) >0,

is the propagation coefficient, and

1 1
sL \2 s \2 a
Z(): = —
g+ sC o+se) w

is the characteristic impedance of the transmission line.

O

|
sLdxs . sLdxs sLdxs
IAw
(G+C)da3 U D(gJFSC)dxg U(gJFSC)de
—0O0 <—dz3—> — o0

Figure 3.4. Distributed circuit representation of the transmission line.
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For a parallel-plate waveguide with width a in the x;-direction and charac-
teristic length w in the xo-direction, the characteristic impedance is found
as

Zo:( i );3.
o+ s€ w

For a coazxial line with an inner conductor of radius a and an outer conductor
of radius b, the characteristic impedance is found as

ZO:( sp )éln(b/a).

o+ se 2T

Propagation properties (— Fig. 6.2):

The electric potential and current along the transmission line is given as a
superposition of a wave propagating in the positive x3-direction and a wave
propagating in the negative xs-direction, viz.,

V(xg, s) = 07(s)[exp(—yx3) + 'L exp(yas — 2vL)],
I(x3,5) = Yoo (s)[exp(—vya3) — Tpexp(yazz — 2vL)],
where
Z1, — 2y
'y = —"——+
YT 20+ %

is the reflection coefficient of the wave reflected at the load location x3 = L.
The input impedance Z;;, of the transmission line is

(0,5) ,, Zp+ Zptanh(yL)

Zin = = .
0,s) 9Zo + Z1, tanh(yL)

==

When Z;, = Zj, the input impedance is equal to the characteristic impedance
(Zin, = Zp) and there is no reflected wave propagating in the negative x3-
direction.
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Figure 6.1. The multiconductor transmission line.

in which the real transversal functions e; = ej(x1,x2), €2 = ea(x1,2),
h1 = hy(z1,22) and hy = he(x1, 22) are normalized as

// (6Xh)-’i3dA=// (e1ha —eghy)dA =1.
(z1,22)€D (z1,x2)€D

The electric-potential function V' = V(z3,s) and the electric-current func-
tion I = I(x3,s) satisfy

83f + 7Yy V =0 ,
83‘7 +vZy I =0 ,
with Zg =1/Yy and v = [(6 + Se)su]%, with Re(y) > 0.

The transversal functions are related to each other as
1 1
o+ se\2 o+ se\2
hli*( ) Zoea, hg = ( ) Zpeq ,
S St
and may be written as

€1 = —81<p, €y = —8230 .
The function ¢ = p(z1, z2) satisfies the two-dimensional Laplace equation
01019 + 02050 =0 inD,

supplemented with boundary conditions ¢ = constant on the conductors.
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4. Two-dimensional Electromagnetic Waves

Plane waves:

A plane wave propagating in the positive x1- and z3-direction is written as

E é(s) exp(—mz1 — 323)
H = h(s)exp(—mz1 —y323), | Y- v=7+73 = (0 +s8)su.

In case of steady-state, the complex propagation vector -y is written as
Y(w) = a(w) +jB(w),

where a = {a1,0, a3} is the attenuation vector and B = {(1,0, 03} is the
phase vector. For uniform plane waves a and 8 have the same direction.

Uniform plane waves:

Let s = s141 + s3i3 be a unit vector, then a uniform plane wave propagating
in the s-direction is written as

E = é(s)exp[—y(s1z1 + s3z3)],

e
H = ﬁ(s) exp[—y(s1z1 + s373)], | V2 = (0 + s¢)sp.

The electric-field vector €, the magnetic-field vector h and the propagation-
direction vector s form a mutually perpendicular and right-hand triad.

In case of steady-state, the complex propagation coefficient is obtained as
. . ¢ 1
v =a+jf=|[(o+jwe)jwulz, Re[ |2 =20,

where « is the attenuation coefficient and 3 is the phase coefficient, while
the wavelength follows from A = 27/3. The time average Poynting’s vector
is given by

(S)r = $Re [E x H'| = Soexp[~2a(s121 + s323)] .

Parallelly polarized waves: é; # 0, és # 0 and ho # 0 (— Fig. 8.2).
The electric field strengths follow from the fundamental unknown hg as
T A —71

1=—"—ho, é3= ha
oc+se oc+se

>
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while for steady-state uniform planes the energy transfer follows from
So = 4Re [e x B'] = JRe[Z(jw)] hahjs .
Perpendicularly polarized waves: hi # 0, hs # 0 and é5 # 0 (— Fig. 8.4).

The magnetic field strengths follow from the fundamental unknown és as

/31:;73@, ﬁ3:lé2,

Sp S

while for steady-state uniform planes the energy transfer follows from

So = 3Re[é x h'| = 1Re[Y (jw)] é2¢3s .

Reflection by and transmission through a plane interface (— Fig. 4.1):

The incident (plane) wave propagates in medium (1) from the emitter in the
positive x1- and zz-direction; it is given by

~q s . .
E &' exp(—vyix1 — Y323) ,

H' = h'exp(—+iz, —yixs).
The reflected (plane) wave propagates in medium (1) from the interface in
positive x1-direction and negative x3-direction; it is given by

E' = & exp(—iz +vhas)
H = h exp(—viz1 + v5xs) .

The transmitted (plane) wave propagates in medium (2) from the interface
in positive x1- and z3-direction; it is given by

At N )
E = é'exp(—jz1 —has) ,
At ~t .

H = h exp(—yiz —323),

For given 44, in the two media, the components of the propagation vectors
perpendicular to the interface follows from (with Re] ]% >0)

1

I=

7 =00 +seM)su® = (1)°]* . Af = [0+ 5@)sp® — (11)?]

|

)
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In a radially layered medium (— Fig. 5.2) with n = n(r), r = (22 + x%)%,
the trajectory follows from Snell’s law

rn(r)sin(f) = ro n(rg) sin(y) ,

with the auxiliary condition

O[rn(r)cos(0)] = Or[rn(r)] .

Figure 5.2. The ray trajectory of a uniform, electromagnetic ray
in a radially layered medium.

6. Transmission Lines

TEM-waves:

A transverse electromagnetic (TEM) wave is a wave propagating in a source-
free domain D in the longitudinal ¢3-direction (— Fig. 6.1). The electric and
magnetic field vectors at each point in space lie in a plane transverse to the
direction of propagation. Hence,

E:'l = ei(z1,22) ‘:/(9537 s), 1?1 = hi(x1,22) -f(I?n s),

Ey = ea(x1,22) V(s,s), Hy = ha(x1,22) [(23,5),

Es = 0, H; = 0,
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Uniform rays:
The unit vector s in the propagation direction of a (uniform) ray is a vector
orthogonal to the surface L = constant, i.e.,

S1 = n7181L1 , S3 = 71716314 ,

where n = n(x1,x2) = co(au)% is the index of refraction of the inhomoge-
neous medium.

Ray trajectories:
The ray curve = x(l) = z1(1)%1 + 23(1)t3, where the parameter [ is the
arclength along the ray curve, satisfies the differential equation

8; [nalxl(l)] = 81n, 81[118[1’3(1)] = 8371 .

In a horizontally layered medium (— Fig. 5.1) with n = n(x3), the trajectory
follows from Snell’s law

n(z3) sin(f) = n(xs,0) sin(bp) ,

with the auxiliary condition

Oi[ncos(0)] = Osn .

Figure 5.1. The ray trajectory of a uniform, electromagnetic ray
in a horizontally layered medium.
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U(l)’ 5(1)’ M(l) Z 0(2)’ 5(2)’ M(Q)

7
Z transmitted wave

reflected Wk % /

i3
- 2
incident wave /
/ %
7
Z
3 <0 xz3 =10 x3 >0

Figure 4.1. Reflection by and transmission through a plane interface.

At the interface the electromagnetic field has to satisfy the boundary con-
ditions that the tangential components of the electric and magnetic field
strengths are continuous. From this the reflected and transmitted field
strengths are expressed in terms of the incident field strengths through the
reflection coefficients:

Parallel polarization: hb = R b, hb = T .

1 t %

73 _ 73 9 3
Ry — 0'(1) + 55(1) 0'(2) + 55(2) T — 0'(1) + 55(1)
= v Ty %
D1 5e@ T 5@ 5 5@ D1 5e® T 5@ 4 5@
o\t 4+ se o\%) 4+ se o\t 4+ se o\“) + se

Perpendicular polarization: € = R, é4, é, =T é}.

ot I/ ) 5 5
W~ @ M
Ry =t 1=
3 3 33
POIEE) POREE)
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1 1 2 2
e @,
n(2
n) >~
N
T/’l SO et n® g
S$—— - n(1)
/ ¢\
r 0
AN L
\(9/1 g ’i3/ !
\ / /
//\\ 7 /
L7 ‘:/ e

(a) n(l) < n(2) (b) n(l) > n(2)
Figure 4.2. Reflection and transmission of a uniform plane wave.

Steady-state uniform plane waves:

Introducing the angles of incidence and reflection (— Fig. 4.2) we obtain
Snell’s law of reflection,

=0

Further, in the case of lossless media, we introduce the (real-valued) index
of refraction n(®) of medium (1) and the index of refraction n(®) of medium
(2) as

n® = ¢o[eMpMz | @ = ¢o[e@p?)2 .

)

With the introduction of the angle of transmission (— Fig. 4.2) we arrive at
Snell’s law of refraction,

nWsin(6") = nPsin(6?)
provided that the angle of incidence @' is less than the critical angle 6, i.e.,
n2

0 < sin(#") < sin(f’) = 0 forn® > n®
n
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If 0 < 0% < 6%, the transmitted wave is uniform and the expressions for the
Fresnel reflection and transmission coefficients become

1 ) 1 1 )
(%) “cos(07) — (g;—j;) *cos(0") 2 (’;8;) * cos(67)

= <“€Lf—i;)%cos(6i) + <“€L((%;>%cos(0t) S <“€Lf—i;)%cos(9i) + <‘g%>%005(0t) 7
o () (@) )
1= 1 ) = 1 1 '
(353 ) > cos(67) + (fj{‘;i ) ? cos(6%) ( &5 ) “eos(07) + ( o > * cos(6t)

It is possible that a Fresnel reflection coefficient vanishes for a particular
value of the angle of incidence. The pertaining angle of incidence is called
the Brewster angle. In the case of parallel polarization, and for dielectric
media, where p(t) = ;2 = 11, this Brewster angle follows from

=)

, 2
tan(6p) = <€(1)> ,  (for parallel polarization) .

If 0" > ¢, the transmitted wave is non-uniform and we obtain total reflection,
i.e., |R”| =1 and |RJ_| =1

5. Electromagnetic Rays in a Two-dimensional
Medium

In a medium that is weakly inhomogeneous in the (z1, x3)-plane, the concept
of electromagnetic rays is useful. We assume that the medium is invariant in
the xs-direction. Then, a twodimensional electromagnetic wavefield exists
that is written as

. R s
E(x1,23,8) = é(x1,x3,8) eXp[—C—OL(xl,mg)] ,
. . s

H(x1,23,8) = h(a:l,xg,s)exp[—gL(;vl,xg)} ,

in which the eikonal L = L(z1,x3) satisfies the eikonal equation:

(O L)* + (93L)* = ciep.




