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exaggeration it may be said that our ability to employ
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1. Introduction (Cartesian Vectors)

A vector in a Cartesian reference frame is given by x = x = x1i1+x2i2+x3i3.

The addition/subtraction of two vectors is given by

v ± w = (v1 ± w1)i1 + (v2 ± w2)i2 + (v3 ± w3)i3 .

The product of the scalar ϕ and the vector v is given by

ϕv = ϕv1i1 + ϕv2i2 + ϕv3i3 . (vector)

The scalar dot product of the vectors v and w is given by

v · w = v1 · w1 + v2 · w2 + v3 · w3 = w · v , (scalar)

while the vectoral cross product of the vectors v and w is given by

v × w = (v2w3−v3w2)i1 + (v3w1−v1w3)i2 + (v1w2−v2w1)i3 = −w × v ,

or in determinant notation

v × w =

∣∣∣∣∣∣∣
i1 i2 i3
v1 v2 v3

w1 w2 w3

∣∣∣∣∣∣∣ . (vector)

The scalar triple product of three vectors u, v and w is given by

u · (v × w) = u1(v2w3−v3w2) + u2(v3w1−v1w3) + u3(v1w2−v2w1) ,

or in determinant notation

u · (v × w) =

∣∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3

w1 w2 w3

∣∣∣∣∣∣∣ , (scalar)

with the properties

u · (v × w) = v · (w × u) = w · (u × v)

= −w · (v × u) = −v · (u × w) = −u · (w × v) .
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The vectorial triple product can be written as

u × (v × w) = (u · w)v − (u · v)w . (vector)

Differentiation with respect to a parameter t:

∂tv = (∂tv1)i1 + (∂tv2)i2 + (∂tv3)i3 ,

∂t(ϕv) = (∂tϕ)v + ϕ∂tv ,

∂t(v · w) = (∂tv) · w + v · ∂tw ,

∂t(v × w) = (∂tv) × w + v × ∂tw ,

where ∂t = ∂
∂t .

Differentiation with respect to the spatial coordinates x:

gradϕ = ∇ϕ = ∂1ϕi1 + ∂2ϕi2 + ∂3ϕi3 ,

div v = ∇ · v = ∂1v1 + ∂2v2 + ∂3v3 ,

curl v = ∇ × v = (∂2v3−∂3v2)i1 + (∂3v1−∂1v3)i2 + (∂1v2−∂2v1)i3 .

where ∇ = i1∂1 + i2∂2 + i3∂3 = i1
∂

∂x1
+ i2

∂
∂x2

+ i3
∂

∂x3
is the so-called nabla

or del operator satisfying the vector and partial differentiation rules, e.g.,

∇(ϕ + ψ) = ∇ϕ + ∇ψ ,

∇ · (v + w) = ∇ · v + ∇ · w ,

∇ × (v + w) = ∇ × v + ∇ × w ,

∇(ϕψ) = (∇ϕ) ψ + ϕ∇ψ ,

∇ · (ϕv) = (∇ϕ) · v + ϕ∇ · v ,

∇ × (ϕv) = (∇ϕ) × v + ϕ∇ × v ,

∇ · (v × w) = (∇ × v) · w − v · (∇ × w) ,

∇ × (v × w) = (w · ∇)v − w ∇ · v − (v · ∇)w + v ∇ · w ,

∇(v · w) = w × (∇ × v) + (w · ∇)v + v × (∇ × w) + (v · ∇)w ,

and

∇ · (∇ϕ) = (∇ · ∇)ϕ = (∂2
1 + ∂2

2 + ∂2
3)ϕ ,

∇ × (∇ϕ) = 0 ,

∇ · (∇ × v) = 0 ,

∇ × (∇ × v) = ∇(∇ · v) − (∇ · ∇)v .
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The far-field approximation (→ Fig. 8.4):
Far away from the emitter, r = (x2

1 +x2
3)

1
2 → ∞, we have the far-field

representation

Ê2 ≈ x3

r
ê+
2 (k

x1

r
, jω)

(
k

2πr

) 1
2

exp(−jkr + j 1
4π)

≈ −
(

µ

ε

) 1
2

ĥ+
1 (k

x1

r
, jω)

(
k

2πr

) 1
2

exp(−jkr + j 1
4π) , x3 > 0.

The amplitude is directly related to the spatial Fourier transform of the
electric current through the emitter, by taking the quantity k1 = kx1/r as
the transform parameter.

The time-averaged power flow density in the far field is given by

1
2Re[Ê × Ĥ

∗
] ≈

(
µ

ε

) 1
2 k

4πr
|ĥ+

1 (k
x1

r
, jω)|2 x

r

when r = (x2
1+x2

3)
1
2 → ∞ .

To study the angular dependence of the far-field, the directive gain is in-
troduced as the power flow in the observation direction, normalized to the
angular-averaged power flow in the far field, viz.,

D(θ) =

1
2Re

[
(Ê × Ĥ

∗
) · x

r

]

1
2Re

[
1
2π

∫ 2π

θ=0
(Ê × Ĥ

∗
) · x

r
dθ

] .
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Figure 8.4. The orientation of the electromagnetic field vectors in the far field of
an emitter with perpendicular electric current.
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The length of a vector v is denoted as |v| = (v ·v)
1
2 = (v2

1 +v2
2 +v2

3)
1
2 . Rules

for the spatial differentiation of a function f = f(|x|):

∇|x| =
x

|x| ,

∇|x|n = n|x|n−2x ,

∇f(|x|) = ∂f(|x|) x

|x| ,

where ∂f is the derivative of f with respect to its argument,

∇ · x = 3 ,

∇ × x = 0 ,

(∇ · ∇)|x|n = n(n + 1)|x|n−2 .

When a is a constant vector:

∇(a · x) = a ,

(a · ∇)x = a ,

(a × ∇) × x = −2a .

Unit vector normal to a surface:
∇ϕ is oriented in a direction of the normal to the surface ϕ = constant.
Hence the normal vector ν is given by

ν =
∇ϕ

|∇ϕ| .

Gauss’ integral theorem:

⊂⊃
∫∫

x∈∂D
ν · v dA =

∫∫∫
x∈D

∇ · v dV ,

⊂⊃
∫∫

x∈∂D
ν ϕdA =

∫∫∫
x∈D

∇ϕdV ,

⊂⊃
∫∫

x∈∂D
ν × w dA =

∫∫∫
x∈D

∇ × w dV ,

in which ν is the unit vector normal to ∂D and oriented away from D.
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Stokes’ integral theorem:
∮
x∈∂S

τ · vdl =
∫∫

x∈S
(ν × ∇) · v dA =

∫∫
x∈S

ν · (∇ × v) dA ,∮
x∈∂S

τϕdl =
∫∫

x∈S
(ν × ∇)ϕdA ,∮

x∈∂S
τ × w dl =

∫∫
x∈S

(ν × ∇) × w dA ,

in which ν is the unit vector normal to the surface area S and is oriented to-
ward the side of advance of a right-hand screw as it is turned in the direction
of the (unit) tangent vector τ around ∂S.

2. The Electromagnetic Field Equations

Maxwell’s equations in vacuum:

−∇ × H + ε0∂tE = 0 ,

∇ × E + µ0∂tH = 0 ,

where
E = electric field strength (V/m),
H = magnetic field strength (A/m),
ε0 = permittivity in vacuum (8.8541878 × 10−12 F/m),
µ0 = permeability in vacuum (4π × 10−7 H/m).

Maxwell’s equations in matter:

−∇ × H + J + ∂tD = −Jext ,

∇ × E + ∂tB = −Kext ,

where
J = volume density of electric current (A/m2),
D = electric flux density (C/m2),
B = magnetic flux density (T),
Jext = volume density of material electric current (A/m2),
Kext = volume density of material magnetic current (V/m2).

excitation of electromagnetic waves 29

The sheet emitter with a perpendicular electric current (→ Fig. 8.3):
The impressed electric current density is

Ĵext
1 = 0 , Ĵext

2 =

{
Î∆(x1, s)δ(x3) , |x3| < 1

2a ,

0 , |x3| > 1
2a ,

Ĵext
3 = 0 ,

where Î∆ (in A/m) is the electric current per unit length (of the x1-direction).
The non-zero electromagnetic field components are Ê2, Ĥ1 = (jωµ)−1∂3Ê2,
Ĥ3 = −(jωµ)−1∂1Ê2. The electromagnetic field may be written as an infinite
superposition of plane-wave constituents:

Ê2(x1, x3, jω) =
1
2π

∫ ∞

k1=−∞
ê+
2 (k1, jω) exp(−jk1x1 − jk3x3)dk1 , x3 > 0,

where the amplitude

ê+
2 = −ωµ

k3
ĥ+

1

follows from a Fourier transform of the impressed electric current through

ĥ+
1 (k1, jω) =

∫ 1
2
a

x1=− 1
2
a

1
2 Î∆(x1, jω) exp(jk1x1) dx1 .

ε, µε, µ

x3 < 0 x3 > 0
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...............................................................................
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Figure 8.3. Electric-current sheet as an emitter of perpendicularly polarized
electromagnetic waves.
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Constitutive relations: J(x, t) = σ(x)E(x, t) ,

D(x, t) = ε(x)E(x, t) ,

B(x, t) = µ(x)H(x, t) ,
where

σ = conductivity (S/m),
ε = permittivity (F/m),
µ = permeability (H/m).

In vacuum we have σ = 0, ε = ε0 = 1
µ0c20

, µ = µ0.
Customarily:

εr = ε/ε0 = relative permittivity,
µr = µ/µ0 = relative permeability.

Field equations: −∇ × H + σE + ε∂tE = −Jext ,

∇ × E + µ∂tH = −Kext ,
or

−(∂2H3 − ∂3H2) + σE1 + ε∂tE1 = −Jext
1 ,

−(∂3H1 − ∂1H3) + σE2 + ε∂tE2 = −Jext
2 ,

−(∂1H2 − ∂2H1) + σE3 + ε∂tE3 = −Jext
3 ,

∂2E3 − ∂3E2 + µ∂tH1 = −Kext
1 ,

∂3E1 − ∂1E3 + µ∂tH2 = −Kext
2 ,

∂1E2 − ∂2E1 + µ∂tH3 = −Kext
3 .

The Poynting vector S = E × H (in W/m2) quantifies the amount of elec-
tromagnetic power flow per unit area; the components are

S1 = E2H3 − E3H2 , S2 = E3H1 − E1H3 , S3 = E1H2 − E2H1 .

Boundary conditions at an interface ∂D between different media:

ν × H is continuous across ∂D ,

ν × E is continuous across ∂D .
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and where the amplitude

ĥ+
2 (k1, jω) =

∫ 1
2
a

x1=− 1
2
a

1
2 Î∆(x1, jω) exp(jk1x1) dx1

follows from a Fourier transform of the impressed electric current.

The far-field approximation (→ Fig. 8.2):
Far away from the emitter, r = (x2

1 +x2
3)

1
2 → ∞, we have the far-field

representation

Ĥ2 ≈ x3

r
ĥ+

2 (k
x1

r
, jω)

(
k

2πr

) 1
2

exp(−jkr + j 1
4π) , x3 > 0 .

The amplitude is directly related to the spatial Fourier transform of the
electric current through the emitter, by taking the quantity k1 = kx1/r as
the transform parameter.

The time-averaged power flow density in the far field is given by

1
2Re[Ê × Ĥ

∗
] ≈

(
x3

r

)2 (
µ

ε

) 1
2 k

4πr
|ĥ+

2 (k
x1

r
, jω)|2 x

r
,

when r = (x2
1+x2

3)
1
2 → ∞ .
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Figure 8.2. The orientation of the electromagnetic field vectors in the far field of
an emitter with parallel electric current.
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Frequency-domain representations for causal fields:

Let f = f(x, t) denote a causal (f = 0 when t < 0 ) field quantity. Then,

f̂(x, s) =
∫ ∞

t=0
exp(−st)f(x, t)dt for Re(s) > s0 ,

where s is the complex Laplace transform parameter.

Field equations: −∇ × Ĥ + (σ+sε)Ê = −Ĵ
ext

,

∇ × Ê + sµĤ = −K̂
ext

,
or

−(∂2Ĥ3 − ∂3Ĥ2) + (σ+sε)Ê1 = −Ĵext
1 ,

−(∂3Ĥ1 − ∂1Ĥ3) + (σ+sε)Ê2 = −Ĵext
2 ,

−(∂1Ĥ2 − ∂2Ĥ1) + (σ+sε)Ê3 = −Ĵext
3 ,

∂2Ê3 − ∂3Ê2 + sµĤ1 = −K̂ext
1 ,

∂3Ê1 − ∂1Ê3 + sµĤ2 = −K̂ext
2 ,

∂1Ê2 − ∂2Ê1 + sµĤ3 = −K̂ext
3 .

Frequency-domain analysis is arrived at by taking s → jω, via Re(s) > 0,
where ω is the (real) angular frequency. Then, either, for causal states,

f̂(x, jω) =
∫ ∞

t=0
exp(−jωt)f(x,t)dt for all real ω ,

f(x, t) =
1
2π

∫ ∞

ω=−∞
exp(jωt)f̂(x, jω)dω for all t ,

or, for steady-states,

f(x, t) = Re
[
f̂(x, jω)exp(jωt)

]
.

In the complex frequency domain, the length of a complex vector v is denoted
as |v| = (v · v∗)

1
2 = (v1v

∗
1 + v2v

∗
2 + v3v

∗
3)

1
2 . The asterisk denotes complex

conjugate.

Polarization state:
In general, the electric field strength is elliptically polarized.
– It is linearly polarized when Ê(x, jω) × Ê

∗
(x, jω) = 0 .

– It is circularly polarized when Ê(x, jω) · Ê(x, jω) = 0 .
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8. Excitation of Two-dimensional
Electromagnetic Waves

We only consider the steady-state (s = jω, ω ≥ 0). The medium is homoge-
neous and lossless (σ = 0). Further, the emitter carries no magnetic current
(Kext = 0).

The sheet emitter with a parallel electric current (→ Fig. 8.1):
The impressed electric current density is

Ĵext
1 =

{
−Î∆(x1, s)δ(x3) , |x3| < 1

2a ,

0 , |x3| > 1
2a ,

Ĵext
2 = 0 , Ĵext

3 = 0 ,

where Î∆ (in A/m) is the electric current per unit length (of the x2-direction).
The non-zero electromagnetic field components are Ĥ2, Ê1 = −(jωε)−1∂3Ĥ2,
Ê3 = (jωε)−1∂1Ĥ2. The electromagnetic field may be written as an infinite
superposition of plane-wave constituents: (we consider only x3 > 0)

Ĥ2(x1, x3, jω) =
1
2π

∫ ∞

k1=−∞
ĥ+

2 (k1, jω) exp(−jk1x1 − jk3x3)dk1 , x3 > 0,

where

k3 =

⎧⎨
⎩

(ω2εµ − k2
1)

1
2 , |k1| ≤ ω(εµ)

1
2 ,

−j(k2
1 − ω2εµ)

1
2 , |k1| > ω(εµ)

1
2 ,

ε, µε, µ

x3 < 0 x3 > 0
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................................................................................
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⊗....................................................................................................
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Figure 8.1. Electric-current sheet as an emitter of parallelly polarized
electromagnetic waves.
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Poynting’s theorem:

Power balance in differential form:

∇ · S + ẇh + ∂t(we + wm) = −E · Jext − H · Kext ,

where

• ẇh = σE · E is the volume density of electromagnetic power that is
irreversibly dissipated into heat,

• we = 1
2εE · E is the volume density of reversibly stored electric field

energy,

• wm = 1
2µH · H is the volume density of reversibly stored magnetic

field energy,

• −E · Jext − H · Kext represents the electromagnetic power that is
generated by the electromagnetic sources.

For steady-states the time average Poynting’s vector is introduced as

〈S〉T = 1
2 Re

[
Ê × Ĥ

∗]
,

and the complex form of Poynting’s theorem is given by

∇ · (Ê × Ĥ
∗
) + (σ − jωε)Ê · Ê∗

+ jωµĤ · Ĥ∗
= −Ê · Ĵext∗ − Ĥ

∗ · K̂ext
,

where the term 1
2σÊ · Ê∗

represents the time average of the volume density
of heat dissipated by the electromagnetic field.

Equations in integral form:

Maxwell’s equations (see Stokes’ integral theorem):

−
∮
x∈∂S

τ · Hdl +
∫∫

x∈S
ν · [σE+ε∂tE]dA = −

∫∫
x∈S

ν · JextdA ,∮
x∈∂S

τ · Edl +
∫∫

x∈S
µν · ∂tHdA = −

∫∫
x∈S

ν · KextdA .

Poynting’s theorem (see Gauss’ integral theorem):∫∫
x∈∂D

ν · SdA +
∫∫∫

x∈D
σE · EdV +

∫∫∫
x∈D

∂t[12εE · E+ 1
2µH · H]dV

= −
∫∫∫

x∈D
(E · Jext+H · Kext)dV .

26 electromagnetic waveguides

For a TMm-mode, the non-zero electromagnetic field components are Ĥ2;m,
Ê1;m = −(jωε)−1∂3Ĥ2;m, Ê3;m = (jωε)−1∂1Ĥ2;m, where

Ĥ2;m =
Â

(TM)
m

cos(ψm)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos(κ(2)
m a−ψm) exp[−κ

(3)
m (x1−a)] exp(−jk3;mx3)

when a < x1 < ∞ ,

cos(κ(2)
m x1−ψm) exp(−jk3;mx3)

when 0 < x1 < a ,

cos(ψm) exp(κ(1)
m x1) exp(−jk3;mx3)

when −∞ < x1 < 0 ,

in which ψm = arctan
(

ε(2) κ
(1)
m

ε(1) κ
(2)
m

)
. The quantities κ

(i)
m , i = 1, 2, 3, are related

to the propagation coefficient k3;m through the dispersion equation:

κ(2)
m a = arctan

(
ε(2) κ

(1)
m

ε(1) κ
(2)
m

)
+ arctan

(
ε(2) κ

(3)
m

ε(3) κ
(2)
m

)
+ mπ .

In both the TE-case and the TM-case, κ
(i)
m , i = 1, 2, 3, is defined as

κ(1)
m =[k2

3;m−ω2ε(1)µ0]
1
2 , κ(2)

m =[ω2ε(2)µ0−k2
3;m]

1
2 , κ(3)

m =[k2
3;m−ω2ε(3)µ0]

1
2 .

With these definitions (and [ ]
1
2 > 0), the solutions of the dispersion equa-

tion, k3;m(ω), m = 0, 1, 2, · · · ,∞, form an innumerable set of real and com-
plex numbers. The real values form a finite set with

max[k(1), k(3)] < k3;m < k(2) , k(i) = ω(ε(i)µ0)
1
2 , i = 1, 2, 3 ,

and each value k3;m is the propagation constant of the m-th guided mode of
the dielectric slab waveguide.

Often, the effective index of refraction (mode index) is introduced as

neff,m = k3;m/k0

where k0 is the free-space wavenumber (k0 = 2π/λ0 = ω/c0). The effective
index of a mode is located in max[n(1), n(3)] < neff,m < n(2). Assuming
n1 > n3, the cut-off frequency of a guided mode follows from κ

(1)
m (ω) = 0.

Phase and group velocity:
In waveguides the phase velocity of a mode vφ,m = ω/k3;m differs from the
group velocity vg,m = 1/(∂ωk3;m).
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3. One-dimensional Electromagnetic Waves

Excitation (→ Fig. 3.1):

A planar electric-current sheet emits a plane wave in the positive x3-direction
with the field components

Ê1 = 1
2ZÎ∆ exp(−γx3) for x3 > 0 ,

Ĥ2 = 1
2 Î∆ exp(−γx3) for x3 > 0 .

where γ = [(σ + sε)sµ]
1
2 is the propagation coefficient, with Re(γ) ≥ 0.

Further, the wave impedance Z is given by

Z =
(

sµ

σ + sε

) 1
2

.

Sometimes the wave admittance is introduced as Y = Z−1.

In case of a steady-state, the exciting current is written as

I∆(t) = Re
[
Î∆(jω)exp(jωt)

]
and, with s = jω, the propagation coefficient is written as

γ(jω) = α(ω) + jβ(ω) ,

σ, ε, µ σ, ε, µ

x3 < 0 x3 > 0

�×........................................................................................................
........
........
........
........
........
........
........
........
........................
................

E

H
S ��........................................................................................ ................

........

........

........

........

........

........

........

........

........................

................

E

H
S

.........................................................................................................................................................................................................................................................................................................................................

........
.........
....

........
........
.........
....

Jext = −Î∆(s)δ(x3)i1

O � i3

i1

........................................................... ........................

........

........

........

........

...................

................

Figure 3.1. Electric-current sheet emitter.

electromagnetic waveguides 25

superstrate
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D(3)

D(2)

D(1)

ε(3), µ0

ε(2), µ0

ε(1), µ0

O
� i3

i1

........................................................... ........................

........

........

........

........

...................

................

...............................................................................................................................................................................
.............................

...
propagation direction
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Figure 7.2. A dielectric slab waveguide.

Dielectric slab waveguide (→ Fig. 7.2):

For a TEm-mode, the non-zero electromagnetic field components are Ê2;m,
Ĥ1;m = (jωµ)−1∂3Ê2;m, Ĥ3;m = −(jωµ)−1∂1Ê2;m, where

Ê2;m =
Â

(TE)
m

cos(ψm)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos(κ(2)
m a−ψm) exp[−κ

(3)
m (x1−a)] exp(−jk3;mx3)

when a < x1 < ∞ ,

cos(κ(2)
m x1−ψm) exp(−jk3;mx3)

when 0 < x1 < a ,

cos(ψm) exp(κ(1)
m x1) exp(−jk3;mx3)

when −∞ < x1 < 0 ,

in which ψm = arctan
(

κ
(1)
m

κ
(2)
m

)
. The quantities κ

(i)
m , i = 1, 2, 3, are related to

the propagation coefficient k3;m through the dispersion equation:

κ(2)
m a = arctan

(
κ

(1)
m

κ
(2)
m

)
+ arctan

(
κ

(3)
m

κ
(2)
m

)
+ mπ .
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where α is the attenuation coefficient and β is the phase coefficient, given by

α = ω(εµ)
1
2

⎧⎨
⎩1

2

[(
σ

ωε

)2

+ 1

] 1
2

− 1
2

⎫⎬
⎭

1
2

,

β = ω(εµ)
1
2

⎧⎨
⎩1

2

[(
σ

ωε

)2

+ 1

] 1
2

+
1
2

⎫⎬
⎭

1
2

.

For highly conductive media (σ � ωε), we define the skin depth as

δ =
(

2
ωµσ

) 1
2

.

For lossless media (σ = 0), the wave speed is obtained as c = (εµ)−
1
2 , while

the wavelength is given by

λ =
2π

β
=

2π

ω(εµ)
1
2

=
c

f
.

The time-domain transient wavefield in a lossless medium is obtained as

E1(x3, t) = 1
2ZI∆(t − x3

c
) for x3 > 0 ,

H2(x3, t) = 1
2I∆(t − x3

c
) for x3 > 0 ,

which is a one-dimensional wave that propagates in the direction of increas-
ing x3, i.e., away from the generating source, with the wave speed c with the
pulse shape of the generating transient electric current.

Reflection and transmission (→ Fig. 3.2):

The incident wavefield propagates in medium (1) from the emitter in the
positive x3-direction and is given by

Êi
1 = êi

1 exp(−γ(1)x3) ,

Ĥ i
2 = Y (1)êi

1 exp(−γ(1)x3) .

The reflected wavefield propagates in medium (1) from the interface in the
negative x3-direction and is given by

Êr
1 = R⊥ êi

1 exp(γ(1)x3) ,

Ĥr
2 = −Y (1)R⊥ êi

1 exp(γ(1)x3) .

24 electromagnetic waveguides

ε, µ

O
� i3

i1

........................................................... ........................

........

........

........

........

...................

................

...............................................................................................................................................................................
.............................

...
propagation direction

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

x1 = a

x1 = 0

Figure 7.1. A parallel-plate waveguide.

Parallel-plate waveguide (→ Fig. 7.1):

In the TE-case the non-zero electromagnetic field components are Ê2,
Ĥ1 = (jωµ)−1∂3Ê2, Ĥ3 = −(jωµ)−1∂1Ê2, where

Ê2(x1, x3, jω) = 2j
∞∑

m=1

Â(TE)
m sin(

mπ

a
x1) exp(−jk3;mx3) .

In the TM-case the non-zero electromagnetic field components are Ĥ2,
Ê1 = −(jωε)−1∂3Ĥ2, Ê3 = (jωε)−1∂1Ĥ2, where

Ĥ2(x1, x3, jω) = 2
∞∑

m=0

Â(TM)
m cos(

mπ

a
x1) exp(−jk3;mx3) .

The propagation constants are

k3;m = [k2−(
mπ

a
)2]

1
2 for k≥ mπ

a
, k3;m = −j[(

mπ

a
)2−k2]

1
2 for k<

mπ

a
,

where k = ω(εµ)
1
2 is the wavenumber. For m ≤ ka/π, we have a propagating

mode, while for ka/π < m, we have a non-propagating mode. Only for
angular frequencies larger than the cut-off angular frequency,

ωc,m =
mπ

a
(εµ)−

1
2 ,

the m-th mode is propagating.
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The transmitted wavefield propagates in medium (2) from the interface in
the positive x3-direction and is given by

Êt
1 = T⊥ êi

1 exp(−γ(2)x3) ,

Ĥt
2 = Y (2)T⊥ êi

1 exp(−γ(2)x3) .

The propagation coefficients in the two media are

γ(1) =
[
(σ(1) + sε(1))sµ(1)

] 1
2 , γ(2) =

[
(σ(2) + sε(2))sµ(2)

] 1
2 ,

with Re[γ(1)] ≥ 0 and Re[γ(2)] ≥ 0, while the wave admittances in the two
media are

Y (1) =

(
σ(1) + sε(1)

sµ(1)

) 1
2

, Y (2) =

(
σ(2) + sε(2)

sµ(2)

) 1
2

.

The reflection and transmission coefficients follow from the application of
the boundary conditions at the interface x3 = 0 and are given by

R⊥ =
Y (1) − Y (2)

Y (1) + Y (2)
, T⊥ =

2Y (1)

Y (1) + Y (2)
.

σ(1), ε(1), µ(1)

x3 < 0

incident wave
............................................................................................................................................................................

............................
.

reflected wave
...........................................................................................................................................................................

.
.............................

O � i3

i1

........................................................... ........................

........

........

........

........

...................

................

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

transmitted wave
............................................................................................................................................................................

............................
.

x3 > 0

σ(2), ε(2), µ(2)

Figure 3.2. Reflection by and transmission through a plane interface.
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where

ΓS =
ZS − Z0

ZS + Z0

is the reflection coefficient of the wave reflected at the source location x3 = 0.

..........
........
.......................... ..........

........
....

transmission line
Z0, L

..........
........
.......................... ..........

........
....

I(0, t)
............................................................................ .....................

........

........

........

........

........

........

........

........

........

........

........

........................

.....................

V (0, t)
...................................................................................................
.........
....

........
.........
....

VS��
	


ZS

........

........

........

........

........

........

........

........

........

........

........

........................

.....................

V (L, t)
...................................................................................................
.........
....

........
.........
....

I(L, t)
............................................................................ .....................

ZL

x3 = 0 x3 = L

Figure 6.3. An impulsive source connected to the transmission line.

7. Electromagnetic Waveguides

Let us assume that i3 is the direction of propagation. We only consider
the steady-state: (s = jω, ω ≥ 0). The behaviour of the waves in a wave-
guide is predicted by the homogeneous Maxwell equations and the boundary
conditions at the waveguide surfaces. We distinguish the following solutions:

• Transverse Electric (TE) modes: The electric field is perpendicular to
the propagation direction, Ê3 = 0.

• Transverse Magnetic (TM) modes: The magnetic field is perpendicular
to the propagation direction, Ĥ3 = 0.

• Transverse Electromagnetic (TEM) modes: Both the electric and the
magnetic field are perpendicular to the propagation direction, Ê3 =
Ĥ3 = 0 (see Chapter 6).
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σ(1), ε(1), µ(1)

incident wave
............................................................................................................................................................................

............................
.

reflected wave
...........................................................................................................................................................................

.
.............................

x3 = 0

O � i3

i1

........................................................... ........................

........

........

........

........

...................

................

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
�� σ(2)

ε(2)

µ(2)

x3 = d
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

transmitted wave
............................................................................................................................................................................

............................
.

σ(1), ε(1), µ(1)

Figure 3.3. Reflection by and transmission through a shielding plate.

Shielding (→ Fig. 3.3):

The electric-field components of the incident wavefield, the reflected wave-
field and the transmitted wavefield are written as

Êi
1 = êi

1 exp(−γ(1)x3) ,

Êr
1 = R⊥ êi

1 exp(γ(1)x3) ,

Êt
1 = T⊥ êi

1 exp(−γ(1)x3) ,

where the reflection and transmission coefficients are given by

R⊥ =
Y (1)−Y (2)

Y (1)+Y (2) [1−exp(−2γ(2)d)]

1−
(

Y (1)−Y (2)

Y (1)+Y (2)

)2
exp(−2γ(2)d)

, T⊥ =
4Y (1)Y (2)

(Y (1)+Y (2))2
exp(γ(1)d − γ(2)d)

1−
(

Y (1)−Y (2)

Y (1)+Y (2)

)2
exp(−2γ(2)d)

.

For a single-frequency component (s = jω, ω = 2πf), the shielding effec-
tiveness is expressed as S = 1/|T⊥|, or

SdB = −20 10log|T⊥| decibel .

The transmission line equivalent (→ Fig. 3.4):

Consider a length a in the x1-direction and a length w in the x2-direction
of the one-dimensional wave. Introducing the electric potential V̂ and the

22 transmission lines

..........
........
.......................... ..........

........
....

................................................................................................................ .....................
incident wave

transmission line
Z0, L

.....................................................................................................................................

reflected wave

..........
........
.......................... ..........

........
....

Î(0, s)
............................................................................ .....................

........

........

........

........

........

........

........

........

........

........

........

........................

.....................

V̂ (0, s)
...................................................................................................
.........
....

........
.........
....

........

........

........

........

........

........

........

........

........

........

........

........................

.....................

V̂ (L, s)
...................................................................................................
.........
....

........
.........
....

Î(L, s)
............................................................................ .....................

ZL

x3 = 0 x3 = L

Figure 6.2. The terminated transmission line.

Lossless transmission line, steady-state analysis:

In the lossless case (σ = 0) and steady-state (s = jω, ω ≥ 0) we have γ = jk,
with wave number k = ω/c and the wave speed c = (εµ)−

1
2 . Then, the input

impedance is given by

Zin = Z0
ZL + jZ0 tan(kL)
Z0 + jZL tan(kL)

.

Further, the time average of the power transmitted through the cross-section
of the transmission line is obtained as

1
2Re

[∫∫
(x1,x2)∈D

(Ê × Ĥ
∗
) · i3 dA

]
= 1

2Re
[
V̂ Î∗

]
.

Lossless transmission line, transient wavefield (→ Fig. 6.3):

In the lossless case the time-domain wavefield is given by

V (x3, t) = v+(t − x3

c
) + ΓLv+(t − 2L−x3

c
) ,

I(x3, t) = Y0

[
v+(t − x3

c
) − ΓLv+(t − 2L−x3

c
)
]

.

with

v+(t) =
Z0

Z0 + ZS

[ ∞∑
n=0

(ΓSΓL)nVS(t − 2nL

c
)

]
,
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electric current Î, i.e.,

Ê1(x3, s) =
1
a

V̂ (x3, s) , Ĥ2(x3, s) =
1
w

Î(x3, s) ,

the one-dimensional Maxwell equations

∂3Ĥ2 + (σ+sε)Ê1 = Î∆(s)δ(x3) ,

∂3Ê1 + sµĤ2 = 0 ,

transfer into the one-dimensional transmission-line equations

∂3Î + (G+sC)V̂ = Î∆(s)wδ(x3) ,

∂3V̂ + sL Î = 0 ,

where, per unit length of the transmission line, G = σw/a is the conductance,
C = εw/a is the capacitance and L = µa/w is the inductance. Away from
the source at x3 = 0, along the transmission line, a wave propagates with
electric potential and electric current

V̂ = 1
2Z0Î∆w exp(−γx3) for x3 > 0 ,

Î = 1
2 Î∆w exp(−γx3) for x3 > 0 ,

where

γ = [(G + sC)sL]
1
2 = [(σ + sε)sµ]

1
2 , with Re(γ) ≥ 0 ,

is the propagation coefficient, and

Z0 =
(

sL
G + sC

) 1
2

=
(

sµ

σ + sε

) 1
2 a

w

is the characteristic impedance of the transmission line.

→ ∞
�

�

(G+sC)dx3

sLdx3

�

�

�

�

(G+sC)dx3

sLdx3

................................................................ .....................

1
2 Î∆w

.....................................................................................

1
2 Î∆w

∼�...........
........
........
...........................

..................... Î∆w

−∞ ←
�

�

�

�

................................................................................................ dx3
........................................................................... .....................

(G+sC)dx3

sLdx3

Figure 3.4. Distributed circuit representation of the transmission line.
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For a parallel-plate waveguide with width a in the x1-direction and charac-
teristic length w in the x2-direction, the characteristic impedance is found
as

Z0 =
(

sµ

σ + sε

) 1
2 a

w
.

For a coaxial line with an inner conductor of radius a and an outer conductor
of radius b, the characteristic impedance is found as

Z0 =
(

sµ

σ + sε

) 1
2 ln(b/a)

2π
.

Propagation properties (→ Fig. 6.2):

The electric potential and current along the transmission line is given as a
superposition of a wave propagating in the positive x3-direction and a wave
propagating in the negative x3-direction, viz.,

V̂ (x3, s) = v̂+(s)[exp(−γx3) + ΓL exp(γx3 − 2γL)] ,

Î(x3, s) = Y0v̂
+(s)[exp(−γx3) − ΓL exp(γx3 − 2γL)] ,

where

ΓL =
ZL − Z0

ZL + Z0

is the reflection coefficient of the wave reflected at the load location x3 = L.
The input impedance Zin of the transmission line is

Zin =
V̂ (0, s)
Î(0, s)

= Z0
ZL + Z0 tanh(γL)
Z0 + ZL tanh(γL)

.

When ZL = Z0, the input impedance is equal to the characteristic impedance
(Zin = Z0) and there is no reflected wave propagating in the negative x3-
direction.



two-dimensional electromagnetic waves 13

4. Two-dimensional Electromagnetic Waves

Plane waves:

A plane wave propagating in the positive x1- and x3-direction is written as

Ê = ê(s) exp(−γ1x1 − γ3x3) ,

Ĥ = ĥ(s) exp(−γ1x1 − γ3x3) , γ · γ = γ2
1 + γ2

3 = (σ + sε)sµ .

In case of steady-state, the complex propagation vector γ is written as

γ(jω) = α(ω) + jβ(ω) ,

where α = {α1, 0, α3} is the attenuation vector and β = {β1, 0, β3} is the
phase vector. For uniform plane waves α and β have the same direction.

Uniform plane waves:

Let s = s1i1 + s3i3 be a unit vector, then a uniform plane wave propagating
in the s-direction is written as

Ê = ê(s) exp[−γ(s1x1 + s3x3)] ,
Ĥ = ĥ(s) exp[−γ(s1x1 + s3x3)] , γ2 = (σ + sε)sµ .

The electric-field vector ê, the magnetic-field vector ĥ and the propagation-
direction vector s form a mutually perpendicular and right-hand triad.

In case of steady-state, the complex propagation coefficient is obtained as

γ = α + jβ = [(σ + jωε)jωµ]
1
2 , Re[ ]

1
2 ≥ 0 ,

where α is the attenuation coefficient and β is the phase coefficient, while
the wavelength follows from λ = 2π/β. The time average Poynting’s vector
is given by

〈S〉T = 1
2Re

[
Ê × Ĥ

∗]
= S0 exp[−2α(s1x1 + s3x3)] .

Parallelly polarized waves: ê1 �= 0, ê3 �= 0 and ĥ2 �= 0 (→ Fig. 8.2).
The electric field strengths follow from the fundamental unknown ĥ2 as

ê1 =
γ3

σ + sε
ĥ2 , ê3 =

−γ1

σ + sε
ĥ2 ,
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Figure 6.1. The multiconductor transmission line.

in which the real transversal functions e1 = e1(x1, x2), e2 = e2(x1, x2),
h1 = h1(x1, x2) and h2 = h2(x1, x2) are normalized as∫∫

(x1,x2)∈D
(e × h) · i3 dA =

∫∫
(x1,x2)∈D

(e1h2 − e2h1) dA = 1 .

The electric-potential function V̂ = V̂ (x3, s) and the electric-current func-
tion Î = Î(x3, s) satisfy

∂3Î + γY0 V̂ = 0 ,

∂3V̂ + γZ0 Î = 0 ,

with Z0 = 1/Y0 and γ = [(σ + sε)sµ]
1
2 , with Re(γ) ≥ 0.

The transversal functions are related to each other as

h1 = −
(

σ + sε

sµ

) 1
2

Z0e2 , h2 =
(

σ + sε

sµ

) 1
2

Z0e1 ,

and may be written as

e1 = −∂1ϕ , e2 = −∂2ϕ .

The function ϕ = ϕ(x1, x2) satisfies the two-dimensional Laplace equation

∂1∂1ϕ + ∂2∂2ϕ = 0 in D ,

supplemented with boundary conditions ϕ = constant on the conductors.
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while for steady-state uniform planes the energy transfer follows from

S0 = 1
2Re

[
ê × ĥ

∗]
= 1

2Re [Z(jω)] ĥ2ĥ
∗
2s .

Perpendicularly polarized waves: ĥ1 �= 0, ĥ3 �= 0 and ê2 �= 0 (→ Fig. 8.4).
The magnetic field strengths follow from the fundamental unknown ê2 as

ĥ1 =
−γ3

sµ
ê2 , ĥ3 =

γ1

sµ
ê2 ,

while for steady-state uniform planes the energy transfer follows from

S0 = 1
2Re

[
ê × ĥ

∗]
= 1

2Re [Y (jω)] ê2ê
∗
2s .

Reflection by and transmission through a plane interface (→ Fig. 4.1):

The incident (plane) wave propagates in medium (1) from the emitter in the
positive x1- and x3-direction; it is given by

Ê
i

= êi exp(−γi
1x1 − γi

3x3) ,

Ĥ
i

= ĥ
i
exp(−γi

1x1 − γi
3x3) .

The reflected (plane) wave propagates in medium (1) from the interface in
positive x1-direction and negative x3-direction; it is given by

Ê
r

= êr exp(−γi
1x1 + γi

3x3) ,

Ĥ
r

= ĥ
r
exp(−γi

1x1 + γi
3x3) .

The transmitted (plane) wave propagates in medium (2) from the interface
in positive x1- and x3-direction; it is given by

Ê
t

= êt exp(−γi
1x1 − γt

3x3) ,

Ĥ
t

= ĥ
t
exp(−γi

1x1 − γt
3x3) ,

For given γi
1, in the two media, the components of the propagation vectors

perpendicular to the interface follows from (with Re[ ]
1
2 ≥ 0)

γi
3 =

[
(σ(1) + sε(1))sµ(1) − (γi

1)
2
] 1

2
, γt

3 =
[
(σ(2) + sε(2))sµ(2) − (γi

1)
2
] 1

2
,
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In a radially layered medium (→ Fig. 5.2) with n = n(r), r = (x2
1 + x2

3)
1
2 ,

the trajectory follows from Snell’s law

r n(r) sin(θ) = r0 n(r0) sin(θ0) ,

with the auxiliary condition

∂l[r n(r) cos(θ)] = ∂r[rn(r)] .
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Figure 5.2. The ray trajectory of a uniform, electromagnetic ray
in a radially layered medium.

6. Transmission Lines

TEM-waves:

A transverse electromagnetic (TEM) wave is a wave propagating in a source-
free domain D in the longitudinal i3-direction (→ Fig. 6.1). The electric and
magnetic field vectors at each point in space lie in a plane transverse to the
direction of propagation. Hence,

Ê1 = e1(x1, x2) V̂ (x3, s) , Ĥ1 = h1(x1, x2) Î(x3, s) ,

Ê2 = e2(x1, x2) V̂ (x3, s) , Ĥ2 = h2(x1, x2) Î(x3, s) ,

Ê3 = 0 , Ĥ3 = 0 ,
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σ(2), ε(2), µ(2)

x3 > 0

Figure 4.1. Reflection by and transmission through a plane interface.

At the interface the electromagnetic field has to satisfy the boundary con-
ditions that the tangential components of the electric and magnetic field
strengths are continuous. From this the reflected and transmitted field
strengths are expressed in terms of the incident field strengths through the
reflection coefficients:

Parallel polarization: ĥr
2 = R‖ ĥi

2 , ĥt
2 = T‖ ĥi

2 .

R‖ =

γi
3

σ(1) + sε(1)
− γt

3

σ(2) + sε(2)

γi
3

σ(1) + sε(1)
+

γt
3

σ(2) + sε(2)

, T‖ =
2

γi
3

σ(1) + sε(1)

γi
3

σ(1) + sε(1)
+

γt
3

σ(2) + sε(2)

.

Perpendicular polarization: êr
2 = R⊥ êi

2 , êt
2 = T⊥ êi

2 .

R⊥ =

γi
3

µ(1)
− γt

3

µ(2)

γi
3

µ(1)
+

γt
3

µ(2)

, T⊥ =
2

γi
3

µ(1)

γi
3

µ(1)
+

γt
3

µ(2)

.

18 electromagnetic rays

Uniform rays:
The unit vector s in the propagation direction of a (uniform) ray is a vector
orthogonal to the surface L = constant, i.e.,

s1 = n−1∂1L1 , s3 = n−1∂3L1 ,

where n = n(x1, x2) = c0(εµ)
1
2 is the index of refraction of the inhomoge-

neous medium.

Ray trajectories:
The ray curve x = x(l) = x1(l)i1 + x3(l)i3, where the parameter l is the
arclength along the ray curve, satisfies the differential equation

∂l[n∂lx1(l)] = ∂1n , ∂l[n∂lx3(l)] = ∂3n .

In a horizontally layered medium (→ Fig. 5.1) with n = n(x3), the trajectory
follows from Snell’s law

n(x3) sin(θ) = n(x3;0) sin(θ0) ,

with the auxiliary condition

∂l[n cos(θ)] = ∂3n .
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Figure 5.1. The ray trajectory of a uniform, electromagnetic ray
in a horizontally layered medium.
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Figure 4.2. Reflection and transmission of a uniform plane wave.

Steady-state uniform plane waves:

Introducing the angles of incidence and reflection (→ Fig. 4.2) we obtain
Snell’s law of reflection,

θr = θi .

Further, in the case of lossless media, we introduce the (real-valued) index
of refraction n(1) of medium (1) and the index of refraction n(2) of medium
(2) as

n(1) = c0[ε(1)µ(1)]
1
2 , n(2) = c0[ε(2)µ(2)]

1
2 .

With the introduction of the angle of transmission (→ Fig. 4.2) we arrive at
Snell’s law of refraction,

n(1)sin(θi) = n(2)sin(θt) ,

provided that the angle of incidence θi is less than the critical angle θi
c, i.e.,

0 ≤ sin(θi) ≤ sin(θi
c) =

n(2)

n(1)
for n(1) > n(2) .
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If 0 ≤ θi ≤ θi
c, the transmitted wave is uniform and the expressions for the

Fresnel reflection and transmission coefficients become

R‖ =

(
µ(1)

ε(1)

) 1
2
cos(θi) −

(
µ(2)

ε(2)

) 1
2
cos(θt)(

µ(1)

ε(1)

) 1
2
cos(θi) +

(
µ(2)

ε(2)

) 1
2
cos(θt)

, T‖ =
2

(
µ(1)

ε(1)

) 1
2
cos(θi)(

µ(1)

ε(1)

) 1
2
cos(θi) +

(
µ(2)

ε(2)

) 1
2
cos(θt)

,

R⊥ =

(
ε(1)

µ(1)

) 1
2
cos(θi) −

(
ε(2)

µ(2)

) 1
2
cos(θt)(

ε(1)

µ(1)

) 1
2
cos(θi) +

(
ε(2)

µ(2)

) 1
2
cos(θt)

, T⊥ =
2

(
ε(1)

µ(1)

) 1
2
cos(θi)(

ε(1)

µ(1)

) 1
2
cos(θi) +

(
ε(2)

µ(2)

) 1
2
cos(θt)

.

It is possible that a Fresnel reflection coefficient vanishes for a particular
value of the angle of incidence. The pertaining angle of incidence is called
the Brewster angle. In the case of parallel polarization, and for dielectric
media, where µ(1) = µ(2) = µ0, this Brewster angle follows from

tan(θi
B) =

(
ε(2)

ε(1)

) 1
2

, (for parallel polarization) .

If θi > θi
c, the transmitted wave is non-uniform and we obtain total reflection,

i.e., |R‖| = 1 and |R⊥| = 1.

5. Electromagnetic Rays in a Two-dimensional
Medium

In a medium that is weakly inhomogeneous in the (x1, x3)-plane, the concept
of electromagnetic rays is useful. We assume that the medium is invariant in
the x2-direction. Then, a twodimensional electromagnetic wavefield exists
that is written as

Ê(x1, x3, s) = ê(x1, x3, s) exp[− s

c0
L(x1, x3)] ,

Ĥ(x1, x3, s) = ĥ(x1, x3, s) exp[− s

c0
L(x1, x3)] ,

in which the eikonal L = L(x1, x3) satisfies the eikonal equation:

(∂1L)2 + (∂3L)2 = c2
0εµ .


